Of interest in this paper are failure mode interactions when laminated fiber reinforced composites are subjected to compressive loading. Delamination, fiber kink-banding and their interactions are seen to dominate the failure response. This interaction is captured through a computational model that includes interface elements to capture delamination, and, geometric and material nonlinearity to capture kink banding. A 2D cross-section analysis is used to guide the choice of interfaces that require cohesive elements, thus reducing computational complexity. Two different stacking sequences are investigated, and their compressive strength and failure modes are compared, between prediction and experiments.
I. Introduction
Fiber kink banding has been identified as a compressive strength limiting mechanism in aligned fiber reinforced composite laminates that are finding increasing use in lightweight aero-structures (Schultheisz and Waas, 1 Waas and Schultheisz 2 ). While early studies determined that the compressive strength can be determined by a knowledge of the shear nonlinearity in the stress-strain response of a lamina in tandem with a knowledge of initial fiber misalignment, 3, 4 it was later determined through a combination of experiments and numerical modeling that the kink band formation is an evolutionary process, leading to deformation localization. The mechanism is governed by local stress state (including stress multi-axiality), details of the material constitutive model and the fiber misalignment angles as explained in papers by Sun and Jun, In this paper, multi-directional carbon fiber reinforced polymer (CFRP) matrix laminates are considered. The main goal of this paper is to develop a procedure to predict compressive strength and failure modes in multi-directional laminates. In this regard, a semi-homogenized laminate model is constructed, where micro-mechanics is maintained in the 0 degree fibers and the off-axis layers are homogenized. Further, to predict the compressive strength and failure modes, cohesive elements are added at chosen interfaces of the model to incorporate the ability to delaminate. These interfaces are determined a priori by a simplified 2-D analysis of the laminate. The compressive strength and failure modes are predicted for two laminates with different stacking sequence, and compared against experimental observations and test data.
Two types of laminates with different stacking sequence are studied here. 6 ]s, with 48 layers. It should be noted that the zero degree layers are grouped together along the centerline in Type A laminate, whereas they are distributed in the Type B laminate. Upscaled homogenized laminate models are constructed for both types of laminates using the upscaled semi-homogenized modeling method explained in Prabhakar and Waas. 24 In these models, each 0 degree lamina has hexagonally packed fibers maintaining the micro-mechanics, and the off-axis layers are homogenized using a deformation theory implementation of Hill's anisotropic plasticity theory. Interface elements formulated using the discrete cohesive zone method (DCZM) (Gustafson and Waas 25 ) , are added at the critical interfaces which are determined a-priori as the delamination prone interfaces in the laminate, via a simplified 2-D analysis of the laminate. Finally, the laminate model is subjected to compression in the axial direction, using displacement control, to predict the compressive strength and failure modes.
II. Experimental Observations

A. Type of Laminates Investigated
The two types of laminates investigated are shown in Fig. 1(a) and Fig. 1(c) . Different layers are seen in the figures through contrasting colors in the images. The Type A laminate shown in Fig. 1(a) contains 16 layers, and the Type B laminate in Fig. 1(c) contains 48 layers. Both laminates are symmetric about the centerline.
B. Compression Test Fixture and Specimens
Compression tests were conducted on Type A and Type B laminates to understand the mechanisms of failure that are unique to the different type of laminates. The influence of two important types of failure mechanisms, namely delamination and kinking, and their interaction on the compression strength is the main focus. In the following sections, details about the experimental set-up, stacking sequences (also referred to as layups) of different specimens and results of the compression experiments are presented.
The Wyoming Combined Loading Compression (WCLC) test fixture was used to carry out the compressive response studies in association with a MTS loading frame. Specimens in the form of strips of laminates with nominal dimensions of 12.7 mm x 133.35 mm x "t" mm, where, "t" is variable, are sandwiched between the large metal blocks of the fixture, and the ends of the fixture are compressed between the flat loading platens of a MTS testing frame. The blocks act as anti-buckling guides during loading, supporting a large portion of the specimen length, and providing a length of 6.35 mm as the gage length. This results in the measured compressive strength to be as close as possible to the actual compressive strength of the material, with minimal tendency towards flexural buckling.
Specimens of three layups of Type A laminates, with varying thickness, and Type B laminates were tested under compression. The Type A specimens were also used to study the effects of scaling, by grouping families of lamina, on the compressive strength of the laminates. As indicated in Table 1 , the thicknesses of the layups are scaled up by stacking multiple layers of the same orientation. All the laminates shown in Table 1 have the same in-plane extensional stiffnesses. All the specimens are of nominal size 12.7 mm x 133.35 mm which results in a nominal gage length of 6.35 mm when placed in the WCLC fixture. Fig. 1(b) displays the image of a failed Type A 16-ply laminate. It is observed that the failed specimen shows extensive delamination occurring at the interface of the laminae, and kinking in the 0 degree ply. Fig. 1(d) shows a failed Type B specimen. We observe kink band formation in 0 layers, and small delaminated regions around the kink band are observed. There is no extensive delamination observed in Type B laminates 
C. Compressive Strength Measurements
The compressive response studies are carried out at an external displacement control loading rate of 0.0004 in/sec in a MTS hydraulic test frame. The "macroscopic" stress is calculated as the total load obtained from a load cell that is placed in-line with the specimen, divided by the initial undeformed cross sectional area of the specimen. The "macroscopic" strain is determined using strain gages on either faces of the specimens.
The global stress-strain responses of Type A laminates are shown in Fig. 2 . The initial stiffness of the laminates is 48.5 ± 2 GPa, and the compressive strengths are in the range of 590 ± 30 MPa. The results imply that the scaling of lamina thickness in the laminate has no significant influence on either the initial stiffness or the strength of the Type A laminates. The Type B laminates displayed a similar trend with an initial stiffness of 49.3 ± 0.5 GPa, and the compressive strengths are in the range of 615 ± 20 MPa. The digital image correlation (DIC) method was used to analyze the strain distribution on the side face of the laminates. ARAMIS, a commercially available software package, is used to perform the DIC analysis. ARAMIS is a non-contact and material independent displacement measuring system that gives displacements, strains and velocities as a function of time.
26 The side surface of the specimen (through the thickness), which is to be imaged, has a speckle pattern with random black dots over a white background, created using an air-brush. The side surface that is imaged is the surface with a normal in the y -direction. A series of images are taken during the experiment, and these images are analyzed using ARAMIS to calculate the displacement and strain fields.
The DIC images of the side surface of a typical 16-ply Type A specimen are shown in Fig. 3 (a) and Fig. 3(b) . The specimen is loaded in the global x-direction. Fig. 3 (a) and Fig. 3 (b) display the strain distribution on the side face of the specimen along the global z-direction corresponding to a point prior to peak load and at the peak load of the loaded specimen. It can be observed that the distribution is banded along the thickness. This is due to the different layers present in the specimens. We also observe that, as the loading is increased, the positive strain between the layers +45 and -45 increases rapidly, and subsequently, the specimen delaminates at that interface as clearly shown in Fig. 3(b) . To corroborate the above statement, the shear strain distributions xz along a line on the side face are also plotted. It is clear from Fig. 3 (c) that as the load is increased, the shear strain ( xz ) attain maximum values at the interface between +45 and -45 layers. Upon further loading, the transverse and shear strains tend to very large values as the specimen delaminates at the interface on the right (refer to Fig. 3(d) ). In summary, the specimens appear to initiate failure by delamination followed by kink band occurring in the post-peak regime.
Similarly, the DIC analysis of the Type B 48-ply laminate is carried out. The DIC images of the side face of a Type B specimen are shown in Fig. 4 (a) and Fig. 4(b) . Fig. 4 (a) and Fig. 4 (b) display the strain distribution on the side face along the global z-direction. Here, distinct strain bands representing each layer in the laminate do not exist, as opposed to Type A laminates. This maybe due to a lack of a sufficiently fine speckle pattern on the side face, and also perhaps the inability of ARAMIS to capture changes between each thin lamina with different fiber orientation in the 48 -ply laminate. This is in contrast to Type A laminates where relatively thick clustered layers with the same fiber orientation exist. The strain distributions xz along a line on the side face are also plotted. We also observe that as the loading is increased, the average strain level along the side face increases, but ARAMIS measurement is unable to capture the behavior of different layers individually. Upon further loading, the shear strain attains large value at the center of the specimen as seen in Fig. 4(d) , but with order to magnitude smaller than that in Type A laminate. In summary, assertive conclusions cannot be made based on purely the DIC analysis of Type B specimens regarding the role of interfaces in the failure of these specimens. Since the stacking sequence leads to a rapidly alternating set of . Transverse strain distribution on the side surface for Type-B 48-ply laminate at (a) point prior to peak load (b) peak load; Shear strain distribution across the side surface for Type-B 48-ply laminate at (c) point prior to peak load (d) peak load layers, each of relatively small thickness, the field of view used to take images for DIC and the image size does not lead to a sufficiently adequate resolution of the strain field present in these laminates. where the 0 degree layers have a hexagonal packed fibers maintaining the micro-mechanics, and the off-axis layers are homogenized using Hill's anisotropic plasticity along with deformation theory of plasticity. Interface discrete cohesive zone method (DCZM) elements are added at critical interfaces which are determined a priori. This is determined using a simplified 2-D analysis of the laminate which is explained in the following sections. Finally, each laminate model is compressed in the global y-direction to predict the compressive strength and failure modes.
III. Computational Modeling
A. Upscaled Laminate Model
The upscaled homogenized models consist of 16-layers of laminae (see Fig. 5 and Fig. 6 Here, the red, cream and blue regions are the homogenized -45, +45 and 90 degree laminae. Micro-mechanics is maintained in the 0 0 layers, as they are the load bearing layers and are responsible for kink band formation in multi-directional laminates. Therefore, the regions in green are the 0 degree fibers, and regions in grey are the matrix in 0 degree lamina. The homogenized elastic lamina properties of the off-axis laminae corresponding to a fiber volume fraction of 0.49 are given in Table 2 and Fig. 7 . Other material properties are given in Table 3 . The constants R ij required to implement Hill's anisotropic plasticity model are tabulated in Table 4 (note that R 11 is chosen to be an arbitrarily high value since the 1-direction of the lamina is assumed to be elastic throughout). These properties are applied to off-axis laminae in their rotated coordinates accounting for their ply orientations. A schematic of the two models shown in Fig. 8 is further used to describe the boundary conditions and loading on the model. The edge AE of the model is prevented from motion in the z-direction, and the corner E is fixed against moving in the global x, y and z-directions. The face BFGC is subjected to compression along the negative x-direction in a displacement control manner. The faces ABCD and EFGH are held flat but are allowed to expand or contract in the y-direction. Also, the faces ABCD and EFGH deform exactly the same way in x and z-directions. This enables the use of one representative unit cell in the y-direction, along with preserving a constant initial stiffness of the laminate, regardless of the width of the model. The Riks method option available in ABAQUS v6.10, which is an arc-length solution scheme, is adopted to conduct the compressive response analysis. As shown in previous studies, 27 this method captures unstable equilibrium paths (path in the load vs. loaded edge displacement graph that show snap-back response) that can occur at limit points, as will be discussed later. The model is meshed with 3-D hexahedral elements (C3D8 in ABAQUS v6.10). The macroscopic stress is defined as the total resultant x-direction reaction force on the face BFGC divided by the product of the width BF and thickness BC, while the macroscopic strain is defined as the total contraction (change in length between the faces BFGC and AEHD) divided by the initial length AB.
B. 2-D reduction formulation to determine a priori interfaces susceptible to delamination in a laminate
After developing the upscaled laminate model, the interface most susceptible to delamination needs to be determined in order to add interface elements along that interface. Methods to carry out free edge effects, and to obtain the stresses along the interface of laminates have been formulated and presented in a series of papers by Pipes and Pagano, 28 Pagano et al., 29 Pagano and Pipes, 30 and more recently by Martin et al. 31 A generalized 2-D plane strain formulation using the FEM framework presented in Martin et al., 31 but using 3D elements is implemented here, and solved using the FE ABAQUS code. A brief overview of the formulation of the generalized 2-D framework is explained in the following section.
Mathematical Formulation
Based on the formulation given in, 28 and, 31 a laminate of length 2L, width of 2b and lamina thickness equal to h is considered. The geometry of the laminate along with its boundaries is shown in Fig. 9(a) . The layers in the laminate are in the x 1 -x 2 plane. A compressive load is applied at the edges Σ +L and Σ −L along the x 1 direction. Edges Σ 0 and Σ 2b are the free edges in the x 2 direction.
A cross-section of the laminate at A-A is shown in Fig. 9 (b) that has N layers through the thickness. The p th interface between the laminae is represented by Γ p . At a region considerably far from the loading edges, the stress components are assumed to be independent of x 1 . That is, the axial strain 11 is assumed to be uniform along the x 1 -direction within the laminate. This behavior was reported in 32 through Moire fringe patterns on the surfaces in the x 1 -x 2 plane of different laminates.
A region considerably far from the loading surfaces is considered such that the stress components are assumed to be independent of x 1 . Then, the displacement field is given as,
Here, 11 is the applied uniform axial strain in the laminate in the x 1 -direction. The constitutive law for each linear elastic lamina (3-D), in the tensorial form is, σ ij = a ijkl kl , where, i,j=1,2,3 within the laminate.
Here, a ijkl , is the fourth order linear elasticity tensor for a general anisotropic material. At the interface, we must ensure displacement and traction continuity, which are given by, Displacement Continuity :
At the traction free edges and the loading, we have, σ ij n j = 0∀i = 1, 2, 3on Σ 0 and Σ 2b
Weak form:
Let V be a weighting field for the equilibrium equations, given by,
The weighted average of the equilibrium equations are,
= 0, which implies the weighting field is independent of x 1 . Substituting the constitutive relation for σ ij into the above equation, we have,
where, "s" represents a coordinate that denotes the boundary ∂S, starting at the origin of the x 2 -x 3 axes for the region S, and traversing in an anti-clockwise direction. Therefore, "s" is either "x 2 " or "x 3 " depending on the portion of the boundary being traversed. The above equation is modified to account for layers with different orientation in a multidirectional laminate as given below,
is a generalized 2-D formulation which has displacement fields along the x 1 ,x 2 and x 3 directions, but in a 2-D (x 2 -x 3 plane) domain. The input to the above formulation is the 4th order elasticity tensor of each layer of the laminate for a linear elastic material and the applied external strain. The equivalent loads calculated for a laminate are applied to the 2-D generalized representation of the laminate in the FEM model given in the next section.
Implementation of the Generalized 2-D Formulation
The 2-D generalized plane strain formulation presented above can be implemented in several ways using the finite element method. The method used here is to modify a thin slice of a 3-D model to behave like a generalized 2-D model. A 3-D model of a laminate (shown in Fig. 9(a) ) with a small thickness in the x-direction is considered as shown in Fig. 2 . The model is restricted from any expansion in the x-direction using multi-point constraints. This satisfies the requirement that the displacement fields are independent of the x-direction. This gives us the left hand side of equation (7) (refer to Martin et al. 31 ).
The external loads are applied to the model on the edges in the y-z plane (refer to Fig. 9(b) ) and the interfaces between the layers. 
Determination of Delamination Prone Interfaces in Laminates
The above formulation is implemented for an 8-ply laminate with a stacking of [-45/+45/90/0]s (half of the laminate is used as shown in Fig. 11(a) ) to determine the weak interfaces. Fig. 11(b) shows the strains 33 , 13 and 23 along the -45/+45 (Interface 1), +45/90 (Interface 2) and 90/0 (Interface 3) interfaces.
It is observed in Fig. 11 (b) that 13 is very high at Interface 1 as compared to the strains at the other Interfaces. Therefore, Interface 1 is considered to be the interface that is most susceptible to delaminate. This information will be used in constructing the computational model of the laminate, i.e. the cohesive elements will be added along Interface 1 to allow for delamination at -45/+45 interfaces. 
C. DCZM Elements at Interfaces
Based on the interface analysis carried out in the previous section, discrete cohesive zone method (DCZM) elements are added at the interfaces of the laminate to model delamination. The DCZM elements adopt a 1D traction law capable of simulating crack formation and propagation, i.e. delamination. The element features the ability to predict delamination initiation based on a traction law that captures the cohesive strength and the fracture toughness in each fracture mode (mode I, mode II and mode-III in the current model). The DCZM elements used in this paper have been successfully employed in other studies involving crack propagation as presented in. 25 A triangular traction-separation law is used here. The inputs to the law are cohesive strengths in mode-I and mode-II (σ c and τ c ), and fracture toughness in mode-I and mode-II (G IC and G IIC ). The critical G IC and G IIC values are determined from the standard double cantilever beam (DCB) and edge notch flexure (ENF) tests, respectively (refer to 33 and 34 ). The mode-I cohesive strength is backed out from a DCB finite element virtual test, using experimentally determined mode-I fracture toughness as the input, and by varying the value of σ c until the load-deflection response matches the one determined experimentally. The mode-II cohesive strength is determined through a single lap joint test.
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The experimentally determined fracture properties for the laminate are given in Table 5 . It should be noted here that the fracture properties determined are between 0 degree layers in a laminate. Each interlaminar interface between laminae of different orientation could have different fracture properties, especially in mode-II. But, here, the fracture properties between all the interfaces in the laminate are assumed to be the same. A slight imperfection is imparted to the model to account for fiber misalignment. Previous work 36 has shown that initial misalignment angles of 0.5 to 2 degrees of the zero laminae bound the distribution of fiber misalignment that is typical of carbon fiber reinforced pre-preg aerospace laminates. The imperfection imparted here is closer to experimentally observed behavior, i.e., only the center zero layers are seeded with an imperfection of θ = δ/L. This is because, during the manufacturing process, the pressure and temperature applied on the top of the laminate causes noticeable undulations in the 0 fibers, as opposed to off-axis layers. The initial state in the compression analysis is stress free.
The compressive strengths are determined for the two laminates corresponding to mode-II cohesive strengths in the range of 20 -40 MPa with an imperfection angle of 1 degree. The compressive strengths are plotted against mode-II cohesive strengths in Fig. 12(a) . Here, we observe that the compressive strengths of both the laminates increase with increasing mode-II cohesive strengths. Further, the compressive strength of Type B laminate increases faster as compared to that of Type A laminate with an increase in mode-II cohesive strength. This indicates that, due to distributed 0 degree layers in the Type B laminate, the kink band failure in these laminates is influenced more by the interface fracture properties as compared to the Type A laminate. Having said that, the distributed nature of the 0 layers in Type B laminates also makes the loading on the model more uniform as compared to Type A laminate, where the off-axis layers are subjected to higher stresses compared to the 0 layers. This leads to a nearly 10 % increase in the compressive strength in Type B laminates.
Next, the influence of the imperfection angle on the compressive strength is studied. For a fixed value of mode-II cohesive strength, the imperfection angle is varied from 1 degree to 1.5 degrees, which is within the range of imperfection angles measured in aerospace grade laminates. As expected, the compressive strength reduces with an increase in the imperfection angle. The sensitivity of compressive strength to changes in imperfection angle was similar in both Type A and Type B laminates as seen in Fig. 12(b) .
The deformation shapes of the two laminate models with the same material and fracture input properties are shown in Fig. 13(a) , Fig. 13(b) and Fig. 13(c) corresponding to the initial linear stage, at peak load and in the post-peak regime of the stress-strain response respectively. It is noticed that, in both the laminates, delamination is accompanied by kink band formation. But, the kink band in the Type B laminate is restricted to a smaller zone compared to the Type A laminate. This implies that, even though the compressive strength is influenced by interface fracture properties in both the laminates, the growth or extent of delamination in Type B laminates is less compared to Type A laminates.
This observation is consistent with experimental observations, where it is noted that Type A laminates fail in a catastrophic manner, whereas Type B laminates, after kink banding and delamination, remain intact post-experiment (as shown in Fig. 1(b) and Fig. 1(d), respectively) . This suggests that Type B laminates are favored over Type A laminates for structural applications. Indeed, standard laminate design practices limit the number of adjacent plies having the same angle.
IV. Conclusions
Computational models to predict the compressive strength were constructed based on failure mechanisms observed in experiments. The model facilitates delamination to occur along those interfaces that are prone to delamination by adding cohesive (DCZM) interface elements along the selected interfaces. These interfaces were determined a-priori from the knowledge of the laminate stacking sequence and the geometry of the layers. The interfaces determined as the delamination prone interfaces match well with the experimentally observed delaminating interfaces. The properties of the DCZM elements were based on the interlaminar fracture properties that were determined experimentally. The predicted compressive strengths, when compared against the set of experimental results, were found to agree well, both in terms of the maximum load and the failure modes. The mode of failure is determined by the number and the orientation of the lamina in a laminate, the material shear nonlinearity (dictated by the matrix properties) and the interlaminar fracture properties. The methodology outlined in this paper can be used to quickly assess the compressive strength of laminates, within engineering limits, with a knowledge of the fundamental material properties as inputs. Thus, this method can be used very early in the design cycle of fiber reinforced laminated composite structures to establish design margins for strength allowables. That is, the compressive strength of the laminates with different combinations of layups, layer thicknesses and material properties can be investigated virtually. Further, only a handful of different types of laminates need to be manufactured and tested to decide on the final laminate to be used. This could result in a significant reduction of manufacturing and testing related costs.
